Marathwada Mitra Mandal’s Polytechnic.

Application Of Definite Integrals:-

1. Areaunder theCurve:
Consider the curve y = f (x), then the areaunder the curvey = f (x) and the ordinate

x=a and x =band the x axisis given by

x=b x=b

A= jydx OR A= jf(x)dx.

The area under the curve x = g(y) ,theordinate y=c and y =d and x axisis
y=¢C y=c

A= [xdy OR A= [g(y)dy
y=d y=d

VA

\ y= f(x)

X —=d

x=nb

\

0 c b

Ex.1 Obtainthe areabetween liney = 8x, x axisand ordinatesat x=2 and X=6
Soln.:

X=6 X=6
Areabounded = I ydx = J' 8xdx
X=2 X=2

278 b n+1 1P
=8X— ...Ix“dx= X
2 n+1 .

a
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= 4[32]
=128 Sg.units

ly | y=8x

AN

x=2

Ex.2: Find the area bounded by the curve y = X3, X axis and the coordinate. x=1,x=23

Soln.: The area bounded by the curve y = x°, x axis and the coordinate. x=1,x =23

3
.. Therequired area A= j y.dx

1
pra L] %]
1 1 1
-t

- %[81_1] = %[80] = 20unit?
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Ex.3: Find the area of the region bounded by the curve y = 4x? , x axis and the lines. x =1and
X=2.
Soln.: Therequired areais as shown in Fig.

2 2
. Required area A= j y.dx = I4x2.dx
1 1

-26-1-3)

28 .
=3 square units.
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y=4y"

AN

Ex.4: Find the area bounded by y = 4x— X2, medti ng the x axisand the ordinatesx =1, x=3.

Soln.: here given curve y = 4x— x? is parabola meeting x axis at the (0,0)and (4,0)asin thefig.
X=3 3

. Required area = j y.dx = j(4x— xz)dx
x=1 1
2 3
1
~ 2lz? —12)—%(33 )
= 2(9—1)—%(27—1)
. Area =16- 26
3
= %sq.units.
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o (10) " (3.0} (4.0)

Ex.5: Find the area enclosed by curve y=4- x? and the linesx =0, x=2, y=0
Soln.: Given curve isthe parabolawith vertex here (0,4) meeting x axis at (2,0) (~2,0)asin the

0| 0 |eo

fig. - ,
. Required area = Iy.dx = J'(4— xz)dx
x=0 1
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Ex.6: Find the areaunder the curve y=sinxfrom x=0tox=2p

0 W *
Soln.: Fig showsthe graph y =sinx

Thearefrom 0to p liesin the 1¥ quadrant and areafrom p to 2p isbelow theaxisanditisin
the IV quadrant.

p p
A= ZI y.dx = 2J-sin x.dx
0 0
b
=[-2cosxp ....As jsin x.dx = [~ cosfj
a

Ex.7: Find the area bounded by curve y =1+ X2 + 2sin X, the x-axisand ordinates x=0,Xx=p
Soln.:

X=p X=
. Required area = Iy.dx = J.F(1+ X3 +2sin x)dx

x=0 x=0

p p p
= Idx+jx3dx+ ZIQn xdx
0 0 0
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Ex.8: Find the area between the parabola y = 4x— x? and the x-axis
Soln.: Theequationis y:4x—x2

When y=0x=0

When y:04x—x2=0

x(4-x)=0

x=0 or x=4

4 4
A =jydx :J-(4x—x2)dx
0 0

Ex.9: Find the areaenclosed by curve y=4- x? and the x-axis

Soln.: Theequation of curveis y=4x— X2
When y=0

0=4-x2

X2 =4
X=12

~. The point of inter —section of parabolawith x-axisis (~2,0)and (2,0)

2 2
sA = jy.dx = J-(4—x2)jx
) )
As f(x) =4-x%isan even function
2 a a
= =2_[(4—x2)dx [I f(x)dX:ZI f(x)dx]
0 -a 0
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Ex.10: Find the area enclosed between the curve y=3x—-2- x? and the x-axis
Soln.: Given equation of curve

y:3x—2—x2
X 0 1 2 3
y -2 0 0 -2

Area =Iydx :J%(3x—2—x2)dx
1

X2 X3J2
_[ 3% X
2 3
\ 1
IE 2] [34p_ 07
|32 || Jep -
3iaiaf 3,1
2 3 2 3
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Ex.11: Find the area of the loop of the curve y? = x2(1— X)
Soln.:

Given equation of curveis y? = x?(1— x)
Putting y = 0in above equation of the curve
. 0=x2(1-x)
x2=0 or (1-x)=0
s Xx=0 orx=1
. Points where the loop cuts x-axis (0,0)and (1,0)

1 1
A= j y.dx = J.xxfl— xdx
0 0
-+ y? = x?(1- x) taking square root on both sides y = xy1— xdx

oo T from
0

0 0

(1- xV1-1+ xdx

O +—F O+

(21— xW1-1+ xdx

Ex.12: Find the area of the circle x? + y2 = 25 using integration.
Soln.: Givencircle X + y? = 25, iswith centre (0,0) and radius 5.

y? = 25— x?
Now taking square root on both sides

y=v25- G
. Required area = 4 x areain 1% quadrant
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x=5 5
. Required area =4 jy.dx = 4j 25— x2dx
x=0 1
5
= 4_[ 52 — x2dx

By using formula

j\/a — x%dx

2

2
= 4{2\/52 — X2 +57si n‘l(g

{—\/a — X2 +a7sm

1

]

S\ 524 5 > _sn 1(5
2 2 5
4{0+2—253m 1(1)—0}:4[
=25p sg.units
II.F
Rbyf=25
000 o

Ex.13: Find the area of the circle x° + y2 =16 using integration.
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Soln.: Given circle X + y2 =16, iswith centre (0,0) and radius 5.

Yy

=16

y2 =16-x°
Now taking square root on both sides

y=v16- x?
. Required area= 4 x areain 1% quadrant

x=4 4
. Required area =4 jy.dx = 4J'\/16— X2 dx
x=0 1
4
= 4_[\/ 42 _ x2ax
1
By using formula

d 2
j\/ a2 - x%dx = F\/ a% - x% + a75i n_z(fﬂ
C

d

2 a
C
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2 2
Ex.14: Find the area of ellipse %-ﬁ-% =1 by using integration method.

2 2

Soln.: Given curveis > +Y_ = 1, curveis symmemical abount both the axis.

a2 b2

0.b)

l:—tl,D:l

E}{D*D} {ﬂ-,ﬂ]

(‘D. "h}

a
" Required Area= 4_|. ydx
0

2 2
HereX—2+y—2:1
a b
2 2
Now y—:l—x—
b2 a2

2
2 2 X
y2=b?1-2
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Home work

2y2

Ex.15: Find the area of elipse % + 8- 1 by using integration method.

fr

0,4)

(~5.0) / x
KD{E 'G}-_

{ﬂ',—#}
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2.Area between Two curves
Let y=p(x)and y = q(x)bethe two curvea. As shown infig.

The area between two curves y— p(x)and y = g(x)is given as,

AjpdquoleLA2
a

I
SD'—.U

y=q(x)
y=p(x)

Ex.16: Find the area between y = x? and the line y =X
Soln.: The given curve y = X2, is parabola opeing upward with vertex at origin (0,0).
Theliney = xis passing through origin having slope =1
Two curves intersect
y= x? and y =X
2

Now, put y=X“iny=x
= X2 = x= x°—x=0
= x(x-1)=0 = x=0,x=1
y=0,y=1
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}I"=K‘ y=x

(1.1

Curves intersect at the origin and the point (1,1)

1 1 1 1
Required area = A - A =J'y1dx —j yodx :I xdx—_[xzdx
0 0 0 0
1 1
2 3
0 0
11
2 3
_1 units.
6
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Ex.17: Find the area enclosed by y2 =8x andtheline x=2

Soln.: The required areais bounded by parabola y2 =8xandtheline x=2
(Parallel to y-axis) as showninfig.

Line X = 2intersect parabola y2 = 8X (Symmetric about x-axis)
To find the points of intersection put x=2 in y2 =8x
y? =16= y=+4
Points of intersection are (2,4) (2,-4)
Required area = 2 x area above x-axis

X=2 2 2
=2 Iy.dx :ZJ.\/&dX:Z\/gJ‘xj/z
x=0 0 0
32
32

_ 2@{ }: zé@[zs/z_o]

NGl RSN N
4 4
:§\/a =§><8

—§sq units
3

Ex.18: Find the area bounded by the curve y2 = 4x and X° = 4y
Soln.: Therequired areais area enclosed between the two parabolas

y? = 4x and x? = 4y both intersecting at the points (0,0) (4,4)
Now y2 =4X
Squaring both the sides
yA = 42 .42
y4:42-4y ....('.'x2:4y)
y*=4%
y*-4%y=0
yy?-43)=0
y=0,y=4 for y:4,y2:4x

4x = 42
s X=4
Thereforerequired area A=A - A

Where A =areabounded by y2 =4x and ordinatex =4
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A, = area bounded by X2 = 4y and ordinatex =4

x=4 X=4 X=4 X=4 X2
Required area = Iy.dx— Iy.dx = J.\/Z-xj/zdx— I de
x=0 x=0 x=0 x=0
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Home work

Ex.19: Find the area enclosed by the two parabolas y2 =x and x° = y

Ex.20: Find the area bounded between two parabolas y2 =9x and x° = 9y
Soln.: Therequired areais the area enclosed between the two parabolas

Page 18 of 40
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y? =9x and x? =9y both intersecting at the points (0,0) (9,9)

=8y ¥
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Ex.20: Find the area between the parabolas y = x? +3 and line y=Xx+3
Soln.: The required areais the area enclosed between the two parabolas

Given eguation of curve
First we will find the ordinates of x and y as follows

-2 -1 0 1 2

X

y 7 4 3 4 7

By using these ordinates plot the curve as shown in fig.
To find points of intersection of the curves

y:x2+3 And y=x+3

Putting y:x+3iny=x2+3
X+3=x%+3
x2—x=0 .. X(x-2)=0
Xx=0 or x=1
When x=0, y=0+3=3
. one point of intersection is (0,3)
When x=1, y=1+3=4

-, other point of intersection is (1,4)

Required area :.ﬂx+3 —(x2+3)}jx

x+3 ji:(X2+3)jX

J(l;xdx+J‘3dx[J1'x2dx+J‘3dx}

0 0

{X_j +3[x]%,{ } ~ 3

0
:%L@ —o]+ 3[1—0]—5[13—0]—31— 0]

:i+3—l—3
3
2

O'—-I—‘

2
1 1 3-

23 6

L
6
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(3.0)

Home work

Ex.21: Find the area of the bounded by the curve y2 =2x and y=4x-1

et R |

B(1,/2.1)
c 1 =

Z 4
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3.Mean and RM Svalues.

With the help of Definite Integra Average or Mean value of the function y = f (x) can be
calculated. Therefore If y = f (x) isintegrable over theinterval a< x<bor[a,b], then the mean
value of thefunction y = f (x) over [a,b]is given by the formula,

Y 1 tyw=—1 bf( )d
O Yrean OF Yayg = X = X)ax
v Ve b—agly b—aa{
Note: -
1. Trignometric functions ‘sinx’ and ‘cosx’ are periodic with period 2p .

2. The period of ‘sinpx” and “cospx’ is T = 2?‘)

3. Thereforefor period T of Function y = f (x),

— 1b 1b
Y OF Yonean OF Yay :?jydx:?j f (X)dx

Examplesl: Find the mean value of thefunction y = 4— x?over [0,2].
Solution:

Given: y=4-x?over [0,2] - a=0, b=2
The mean value of the function y = f (x) over [a,b]is given by,

1 b
mean — . _ ax
v b—a£y

=——[4—x"dXx
2—-00
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1 2 2
= ~[4] dx— [ x*dX]
2 0 0

1 2 2
= —[4]dx— [ x*dX]
2 0 0

Examples2: Find the mean value of the function y:x-\/x2+3 intherangeover 0< x<1.
Solution:

Here: y= f(x)=x-Vx?+3, a0, b=1

The mean value of the function y = f (x)over therange 0< x<1lisgiven by,

1 b
mean = ——— | YdX
Y b—a£y

1
1 X/ X2 + 3dx

1—00

1
= jx- x? + 3dx
0
Theintegral is evauated by the method of substitution.

Taking x? + 3=t - 2xdx=dt or x-dx:%

Whenx=0, t=0+3=3
Whenx=1, t=1+3=4
Then, the above integral (1) becomes,

4

1 dt

mean — _ _ t-—
Y b—a-?':\/_ 2
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Examples3: Find the mean value of the function y = x? — 4x + 3 between the pointswhere
it cut x-axis.
Solution:

TheCurve y= x2 — 4x + 3 cuts the x-axisin the pointswhere y =0 .putting y=0
in y= X% —4x+3 we get,

x% —4x+3=0
Factorizing, we have, (x-3)(x-1) =0

Lo x=3or x=1.
.. Two pointson x-axis are: (1,0) and (3,0).

Themeanvaueof y= f(x) over therange 1< x< 3 is;
Then, the above integral (1) becomes,

1 3 3 3
_{[ 2.dx—4jx.dx.+3jdx]
2 1 1 1

Examples4: Find the mean value of the | =10sin100pt over a complete period.
Solution:

Given the function as | =10sin100pt

Comparing with sin pt, we have p =100p

Page 24 of 40 By Dube M.G.



Marathwada Mitra Mandal’s Polytechnic.

. Period of thefunction, T = 2 = . = 1
P 100p 50

Then, the mean value of the function y = f (x) having period T is given by,
T
1
0
1/50

=% [10.sin(200pt ).t

— 0
50

Remark — The mean value of trigonometric functions over a complete period is zero.

Homework.

Examples5: An alternating current isgiven by i = 20sin100t . Find the mean value of ‘i 2
over a complete period.
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Examples6: Theinstantaneousvalue of an alternating current in amperesis given by
p

i = 20sinwt +sin3wt . Find the mean value of the current over therange i =0 toi =—.
w
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ROOT MEAN SQUARE (R.M.S)) VALUE:
The R.M.S. value of the function y = f (x) over [a,b]is given by the formula,

Yims = ,/i? y“dx
r.m.s. b—aa

Note: -
1) TheR.M.S. valueisalso called the effective value. Therefore Y, s = Y

2) TheR.M.S. valueisgeneraly applied only to periodic functions.
3) TheR.M.S. value of any sinusoidal waveform taken over an interval equal to one period

is iti mes amplitude of the waveform.
V2
4) Mean values and R.M.S. values are very Useful in calculating current, em.f...... etc.
Examplel: Find the R.M.S. value of the function f(x) = x*over theinterval 1< x< 3,
Solution:
Given, y= f(x) = x*andinterval 1< x<3. .. a=1, b=3.

The R.M.S. value of the function y = f (x) over [a,blis given by the formula,

10,
Yims = —Iy ax (1)
a

3 3
Where | =[y?dx= J(xz) dx
1 1

Therefore, from (1) we have:
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Yims = i&: 4.92

3-1 5

Example 2: Find the R.M.S. value of thefunction f (t) = sinwt + coswt over [01]

Solution:
Given, y = f(t) =sinwt + coswt over [01] . a=0, b=1.

hen, Y 1ty
T ) rms. — m!y dt

b 1 2
Where | =[y?dt = [(sinwt + coswt ) dt
a 0

1
=[(sin® wt + 2sinwt.coswt + cos? wt it
0
Notethat sin®wt +cos®wt =1 and 2sinwt.coswt = sin(2wt)

1
1= [ (L1+sin2wt )dt
0

Example 3: Find the R.M.S. value of the function | =3sin2t over a complete cycle.
Solution:

Given: | =3sin2t over acomplete cycle

.. Periodof 1isT :2?pwhere p=2

Comparing sin2t with sin pt.

2p
LT="=
> =P
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Examples4: Find R.M.S. value of an alternating currenti = 5sin200pt .

Solution:

Given i =5sin200pt

Comparing sin 200pt with sinpt , sin 200pt
p_2p 1

. Period of the function, T =— = =
P 200p 100

1T
Then 2 = = [i%at
0

....Note that we are taking square of i, ;s to avoid root sign.
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| Y100
= [ {5sin 200pt}? dt
100 °

Examples5: An alternating current isgiven by i =asint. Find the R.M.Svalue of the
current over a half wave.
Solution:
Given i = asint over a half wave
. Therange of thefunctionist=0to i =p (half of 2p)
a=0tob=p
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HW.
Examples6: Find R.M.S. value of thefunction y =a-+bcosx over theinterval [O,IO].
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4.VVolume of solid revolution:-

Consider y = f(x) be acontinuous function defied on theinterval [a,b]. Fig a.
Then, the volume of the solid obtained by revolving the areaunder y = f (x) from x=a to
X = bwith x-axis abount x-axis is given by the formula

b b
Y% =pjy2.dx = pj[f(x)]z.dx

Similarly, the volume of the solid generated by revolving the area bounded by the curve
X= g(y), y-axisand lines y = ¢, y = d abount y-axisis given by the formula:

y=d d
V=p sz.dy = pj[g(y)]z.dy Refer Fig.
y=cC c
(x)
VY \Y
x=g(y)
—— d
x=b —
y=c
5 _x | X
0(0,0) | 4 0(0,0)
() (b)

Note:
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1. If arectangleisrevolved about one of its sides, we obtain aright circular cylinder asthe

solid of revolution.
2. If aright-angled triangle is revolved about one of itslegs, we obtain aright circular cone

asthe solid of revolution.
3. If asemi-circleisrevolved about its diameter, we obtain a sphere of the same radius as

the solid of revolution.

Examplesl: Find the volume of right circular cone generated by revolving theline y = %x

about x-axis between theordinates x=0to x=4

Solution:
The problem is represented diagrammatically as shown in fig.

Y
y=3x
W
=
f..ﬂ"-
™ M‘ ey
X
/'E},.l‘ -
e
M
S
e
-
e
\"h
S

Whentheline y = %x Is revolved about x-axis between the ordinates x=0 to X =4, the volume

of solid cone so generated is given by,

4
V:pjyz.dx
0
4 2
3
=p.|.(zxj dx
0
4 3
:g—psz.dx = _$X—
160 3
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16 16
=3p x4 = 12p cubic units.

Examples2: Find the volume of solid obtained by revolving about x-axisthe plane area

bounded by the curve y=2sin3x, x-axisand ordinates x=0 to x :%

Solution:
volume of solid of revolution is given by,
b
V= pjyz.dx
a
p/3

=p _[(23in 3x)?.dx
0

Examples3: Find the volume generated by revolving semi-circle abount its bounding
diameter

OR

Find the volime of a sphere of radiusr using integration.

Solution:

Consider acircle with centre at origin, that is, 0(0.0) and radiusr, as shown in fig.
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y=—r

N

(-r,0) 0(0,0) (r,0)

|

The equation of circle with centre at origin and radiusr, is

x24y2or2  y2 o2 33

The area of the semi-circle bounded by its diameter, that is, the areaunder y = f(x) from
X=—r to Xx=r with x-axisis when revolved about x-axis, a solid so obtained is a sphere of the
same radius (i.er). Itsvolumeis given by,

r

V=p Iyz.dx
;I’
=pj(r2—x2)dx ooenn From (1), y2:r2—x3
¥
zzpj-(rz—xz)dx ..... f(x)=r2—x%iseven
0
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= gpr 3 Cubic units.

Examples4: Find the volume of the solid generated by revolving the ellipse ?+7

about the x-axis.

Solution:

x2 y2
The equation of the ellipse ?4‘7:1

Re-writing for y2 , we get
2 2 2
Yo X 9=x

4 9 9

B(0,2)

W==3 w=3

L]

[ |

N\

(“‘3.0} U{D,D) l“'-{:’.ﬂ)

Page 36 of 40

2 2
y 4

By Dube M.G.



Marathwada Mitra Mandal’s Polytechnic.

Examples5: Find the volume obtained by revolving the area under the curve

ox? - 4y2 =36 in theinterval from x=2to x = 4about x-axis.
Solution:
The equation of the curveis Ox% — 4y2 =36 (whichisahyperbola)

9x% —4y? =36 or y? :%(Xz _4)

Examples6: Find the formula for the volume of a right circular cone of height ‘h” and base
radius ‘r’ by using integration.

Solution:

Infig.
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For two similar triangles their corresponding sides are in production.
.Y

X
Sy =—-X

Now, the volume of right circular coneis given by

j|_‘ j|—1

h
\% :pjyz.dx
0

Examples7: Find the volume of the solid obtained by revoliving the region bounded by the
curve y=xand y= x2 about x-axis.

Solution:
The point of intersection of thecurves y=xand y= x? are obtained equating (for y)them.
x=x% . x?-x=0 . x(x-1)=0 . x=0or x=1
When x=0or y=0 ~. one point of intersection is (0,0)
When x=1or y=1 . one point of intersection is (11)

The area of revolution to get solid isas shown infig.
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Where y; =x .. yi2 = x?

2 2
y2=X" . Y2 =X
The required volume of the solid obtained by revolving the shaded areais given by,

4

1

v =p (2 - y3)ox
0

Examples8: Theloop of the curve y2 = x(x—l)zisrotated about the x-axis. Find the

volume of the solid so generated.
Solution:

The graph of the curve y2 = x(x—l)2 isas shownin thefig.
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I

The graph intersects x-axis in the point where y = 0

. 0=x(x-1? - x=0or x=1
Point of intersection are (0,0) and (1,0)
The required volume of the solid generated by revolving the shaded area about x-axisis given

by,
1
V= pjyz.dx

0
1

=p I x(x—1)2.dx
0

Page 40 of 40 By DubeM.G.



